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Abstract: More precisely, G is a finite group defined as G=Z(G), which is isomorphic to the
direct product of two cyclic groups with an order of p, where p is an odd prime. Additionally,
Fq is a finite field that consists of q elements. The purpose of this inquiry is to determine the

whole algebraic structure of the finite semi simple group algebra Fq[G].

1. INTRODUCTION Primitive central idempotents are essential

Let's assume that G is a finite group with for determining the smallest components

an order that is relatively prime to q, and of the Wedderburn decomposition of

Fq is a finite field that includes q elements. Fq[G]. Our main goal is to determine the

The algebraic structure representing finite whole algebraic structure of Fq[G] by

semi simple groups is often designated as identifying all the primitive central

Fq[G]. It is challenging to determine the idempotents in its collection. Let us

whole algebraic structure of a semi simple consider G as a group that may be

group algebra, represented as Fq[G], when expressed by the equation G=Z(G) \= Cp

used in. { Cp, where Cp is a cyclic group with a

The primary difficulty in the field of group rank of p. Cornelissen et al. [2] have

algebras is often defined by the existence divided these classifications into nine

of primitive central idempotents and the separate groups. Out of the nine classes,

Wedderburn ~ decomposition. It  has only five consist of finite metabelian

significance in both theoretical groups. Gupta et al. [3, 4] have found that

mathematics and applied mathematics, the whole algebraic structure of Fq[G] has

particularly in the domain of coding theory. been calculated for G belonging to three of

these classes.
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Here, G is a finite metabelian group

belonging to one of the remaining classes.

G=<abzyle? =1, =g,a =y =1,a b lab= ;L‘vml_l,r,y € Z(G) =

2. NOTATIONS AND
PRELIMINARIES

With jGj) equal to one and gcd(q) equal to
one, let G be a finite group. Under the
assumption that M, L, and G are subgroups,
let us assume that M E L and L=M are
cyclic of order n. A primitive nth root of
unity in Fq is denoted by the symbol \,
while the algebraic closure of Fq is
denoted by the symbol Fq. The collection
of g-cyclotomic variables is assumed to

The generators of Irr(L=M) are included in

the notion of cosets of Irr(L=M), where
Irr(G) refers to the collection of irreducible
characters present in G. Investigate the
impact that T = NG(M)\NG(L) has on
C(L=M) using the equation tC = t*"1Ct; t 2
T; C 2 C(L=M). The collection of distinct
orbits of C(L=M) under this action is
denoted by R(L=M), while the stabilizer of
any C 2 C(L=M) is denoted by EG(L=M).
Take into consideration the fact that the
total of the many conjugates of "C(L;M)"
is eC(G; L;M).

ec(L, M) = |L|7* ) _ tre o, (X(DNH, C € C(L/M).

el
Consider the set of all subgroups D=K of
AK=K that are cyclic. Additionally,
consider AK=K to be the normal subgroup
of G=K, which is an abelian subgroup of
maximum order for K E G. Let { be the set

of all subgroups D=K of AK=K. Let us

assume that the collection of all
equivalence class representatives for \ is
denoted by the symbol \G=K.

when the connection of conjugacy is in

effect. Give out

SG;!C = {('Dfﬁc, A;;;_,-’,-‘C] | DfK: € TG/K and Cﬂreg{'ﬂ"} = ;’C}

and

S={(K,D/K,Ac/K) | K 4G, Sgix # ¢, (D/K, Ac/K) € Sgyx}.

In accordance with the findings of Bakshi

et al. [1], the structure of the finite semi

simple metabelian group algebra is as

follows:

Theorem 2.1. /1, Theorem 2] Let ¥q be a field containing q elements and G be a

finite metabelian group such that gcd(q; jGj) = 1. Then
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is the complete set of primitive central idempotents of semi simple group algebra Fq[G].

The simple component corresponding to primitive central idempotent eC(G;AK;D)

is Fq[G]eC(G;AK;D) =M[G:AK],Fqo(AK;D), the algebra of [G : AK] [G : AK] matrices
over the field Fqo(AK;D) , where o(AK;D) =ord[AK:D](q)/[EG(AK=D):AK] and the number
of simple components corresponding to eC(G;AK;D) is jJR(AK=D);.

3. ALGEBRAIC STRUCTURE OF Fq|G]

Let G be a group with the presentation:

G=<abzyld=1F=y1" =y =1a b lab= P )
x.y central in G > .
It can be easily seen that
G=<abzla? =1,F"" =12/ =1,a b lab= 27",
T, b centralin G > .

Theorem 3.1. Let m1;m2 > 1. For m1 _ m2, the complete algebraic structure of

semi simple group algebra Fq[G], G as defined above, is given as follows:

Primitive Central Idempotents for m1 _m?2.

ec(G,G, < z,a,b>), C € R(G/ < z,a,b>);
ec(G,G, < z,a >), C € R(G/ < r,a >);
ec{f’f’{.rb}] C e R(G/ < z,b>);
ec(G,G, < r,a, P =), CeR(G/ < z,a,b” >) 1< j <my;
ec(G, G, < T, a“bp’::] C e R(G/ < z,at” >), 1{i{p—l,{]£j£mg;
(G, TP g b ), C e R(Gf < ¥,z “ab>),
ﬂﬂ-aﬂp—l,lftﬂml—l,
ec(G,G, < 2 27 a4, 2P ), C e R(G/ < 27,27 a, 2" >),
1<j<myg+1—w 0<i<p—-1,1<v<m;—1, ged(k,p*) =1;
ec(G,G, < 27 2, t*b >), C € R(G/ < o 2P a, kb ),

=
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D<i<p—1, gedik,p) =p~, 0 < o << /2y — 1;
ec(G,<b,x>=<b>=), CeR(<b,xz>=>,/<b=);
ec(Gy<a,z,y > < a,xy>=), CeR(<a,r,y>/<a,xry =),

ged(f, pP™) = p=, 0 < o < mq — 1
ec(G, < a,z,y >, < a,x7y™” =), CecRi(<a,z,y >/ <a,r7y™” =),

ged(f,p™) =1, 1 < 8 < g — 4.

Wedderburn Decomposition for m1 _ m?2.
F,[G] =F, & (F,) 7 @ (F Tt gma (w, ) h
q[G] = a$( qfi) D gfma+1 D=1 gi
T
_f. %_L
$|:fli'nil] (quﬁl) e % (]qu“)

‘2-»+3—1E _1}2

Du—e— _132

my—1 poma+l—w Ffitu m1 1 —JFJP—)—
By—1 By (]qu.ii+v) Boy— (qu“)
my _ my—1 my—a—2, 142

oMy (Fom) ™ OR5" My (Fym)

Pﬂml-f-,ﬂ—ﬂ p—1 2
mg —mmy Feni 18
D1 My (qum1+ﬂ)

Evidence.  First, we  shall identify every normal subgroup of G.

Let C<dGsuchthat KN < z ># {e}, thenKN< z >=< ¥ > 0<v <my—1.
For KN < z >=< x >, it can be easily seen that K is either < z > or < x,a > or
<z, >or<z,a b’ >or<zab’ >,1<i<p—1,0<j<my.

Assume that KN < 7 >=< 27 >, 1 < v < m — 1. Now K/ < 27 >
is isomorphic to one of the following < = >, < a < = >>, < ¥ < z >>,
<dbt <z>><a<zr> P <zr>>1<i<p—-1,0<j<my let
Kl <8l sfaivwaalen =g @ . 08K . 3 228 < &b, then
K =< z¥", r*a >, which implies for i: = p¥, K =< z",a > and if ged(7, p*) = p°,
then (z""a)? = 1 e K if and onlyif « +1 > v, i.e., @« > v — 1. Hence in this
case K=< 2" ,a>or<z" 27 'a>1<i<p—1.

Let K/ < zF" >2< W <z >>,0 < j < my. Then K =< 27" o0 >, If
k=p® then K =< 27 b’ > and if k < p*, then K =< 27, 2*0"’ >, ged(k,p”) =
p®, 0 < o < my — 1. Consider («P"p? P77 = p»™"™*~ < K if and only if
a+mg+1—j>u,ie., j<a+ms+1—uv. Thusin this case K =< z7°, 2% >,
ged(b,p") = p*, 0<a<m; — 1,0 < 5 < a+mg+1—w. Further if j = 0, then
(2P b)P™ = '™ e Kif and only if, a+ma+1 > v, ie., v—mg—1 < a. Thus

K =< 2?",b > or < v, 5% >, ged(k, p¥) = p*, max{0,v—my—1} < a <m;—1.

If1<j<mo+1—v+a,thenk =< ¥ >or < 2, 25" >, ged(k,p*) =1,
1<j<mg+1—n.
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By following the same procedure in all the above cases, we will get that the normal

subgroups K such that K\ G 6= feg, are as follows:
<T> <ra>, <5’ > <rdb > <rab” >,
1<i<p—-1,0<j<my,
<z a> <1 P la> 1<i<p—1 1<v<my —1,
<z b>, <2, 12%b >, ged(k, p?) = p®, max{0,v —my—1} < a <my —1,
1<v<mi—1,
<z P > <o ok > ged(k,p?) =1, 1<j<ma+1—uv,
< 2% a't?’ >, < 2P, *aW >, ged(k,p?) =p%, 0<a <my —1,
1<v<m—-105j<my+1—v+a,
<z P e P > 0<i<p—10<j<mg 1<v<my—1,
<zP 2Pl kb > 0<i<p—1, ged(k,p") =p*, 1 <v<my—1
max{0,v—mg — 1} < a <m; —1,
< 2?2 a2 > 0<i<p—1, ged(k,p’) =1,
1<ij<me+1—-v,1<v<m— 1L
Observe that if K\G=<xpv>;0 v _ml 1, then GO K and hence G=K

1s abelian. Thus

{ (< 1> G/K), if G/Kiscyclic,
Sgix =

o otherwise.

Out of these normal subgroups following have cyclic quotient with G:
<z,a>,<zT,b> <r,ab> <z,aP > 1<j<mg,
<z > 1<i<p—1,0<j<ma,
<z P ab> 0<i,<p—11<v<m—1,
<z? P e rfhb> 1<v<m—1,0<i<p—1,

ged(k,p?) = p°, max{0,v —mg — 1} <a <my —1,
< zpﬂ,rip”_la?:rkbpj > 1<v<<m—1,0<i<p—1,
ged(k,p*) =1, 0<j<mg+1—w.

Now, assume that XN G = {e}, then K = {e} or < ¥ > 0<j<p—1lor
<29y?” >, ged(j,p™) =p% 0<a<m—1,0< 8 <my—my.

IfK={e}or<y” > 1<j<p—1,then Sg;x = ¢.

IfKZ:{-y},thenSgﬂc ={<’: b}f’c.,{ E:,;x:}f.-‘:}.
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K =< 2ly >, ged(j,p™) = p*, 0 < a < my — 1, then Sgix = {< a,27y >
/K,< a,z,y > /K}.
i i :::jypa >, ged(f,p™) =1,1 < 8 < mg—my, then Sgx = {< a,:::jypﬁ >
/K, <a,z,y> /K}
Corresponding to these normal subgroups, o(AK;D) and jR(A;K ;D)j have

been given in Table 1.

Table 2
K (D, Ax) o(Ax, D) | |R(Axc/D)|
< z,a,b > (&, G) 1 1
< r,a> (K. G Frii ﬂ'"j',;—jj'”
<z.b> (K, G) f1 ol
< z,a, P > (K, G) fi i i

Thus by using this table primitive central idempotents and Wedderburn decomposition
given in Theorem 3.2 can be easily obtained.

We have obtained the complete algebraic structure of Fq[G] for m1;m2 > 1.

In the following theorems, we have obtained the same for cases m1 _ 1;m2 =1

and ml =1;m2 1.

Theorem 3.3. Let G be a group defined above. For m1 _ 1;m2 =1 the complete

algebraic structure of semisimple group algebra Fq[G] is given as follows:
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K (D, Ax) o(Ax, D) | |R(Ax/D)|
IR Wy (@ G) 1 1
< T, a > (K:G} fmg+1 %
=z, > (K. G) fi e
< z,a,bF > (K, &) fi pj_f‘tf_l
P Ay [ L oy | (K, &) fi+1 %Pi
0<j<m
«-:rp",;z:ipu_la-,b >1<v<mi—1 (K, G) fo p"—%—ll
0<i<p—1
< 7 TP g kb >, (K, G) fo pﬂ_f%_l

=i p—1;
1 <wv<m — 1, ged(k, p") = p~,
max{0,v —ms — 1} < <my —1
< 2P 2% a, TFH >, (K, &) Fitv %
os dage= 1,
1<v<m;—1, ged(k,p¥) =1
l1<jiji<mg+1—v

<y> (b <bhe=)| —
<r}y} (< a‘!rj'y}! fml %p;ﬂl_l
ged(4,p™) =p*, 0<a<m; —1 < a,x,y >)
; P mi B _gm FE—1
< "D?ypa = ({ a, Yy’ >, fml-i—ﬂ %
ged(j,p™) =1, 1 <A <mos—m < a, T,y >)
Thus by using this table primitive central given in Theorem 3.1 can be -easily
idempotents and Wedderburn obtained
decomposition

Theorem 3.2. Let m1;m2 > 1. For ml > m2, the complete algebraic structure of

semisimple group algebra Fq[G], G as defined above, is given as follows:

Primitive Central Idempotents for ml > m2.
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ec(G,G, < z,a,b>), C € R(G/ < z,a,b>);

ec(G,G, < z,a >), C € R(G/ < z,a>);

ec(G,G, < z,b>), C e R(G/ < z,b>);

ec(G,G, < r,a,b” >), C € R(G/ < z,a,b” >) 1< j<my;

ec(G,G, < x,a'W’ >), C e R(G/ < z,a't”’ >), 1<i<p—1,0<j < my;

ec(G,G, < 7,27 ' a,b>), C e R(G/ < 27,27 "a,b >),
D<i<p—-1,1<v<m—1;

ec(G, G, < =7, 2" a, ok >), C € R(G/ < zF°, 27" a, 207 >),
1<j<my+1-wv, 0<i<p—1,1<v<my ged(k,p’)=1;

ec(G,G, < 27" 27" a b ), C € R(G/ < 27 2P g, kb ),
0<i<p-—1, ged(k,p") =p%, max{l,v —my — 1} <a<v-—1;

ec(G,<bxz><b>), CeR(<bzr>/<b>);

ec(G,<a,z,y > <a,rly>), CeR(<a,z,y>/ <a,z’y>),

ged(j,p™ ) =p*, m1—ma < a <m; — L.

Wedderburn Decomposition for m1 > m?2.

- ’“i+1_ ey _-i_ff—l
F,[G] =F, & (qui )%1_ b (qu-ﬂ:zﬂ) o S (]Fgfj) :
.E;EE_]-J.E wtl_ w

ma firt my—1 T
®;-0 (]quj+1) By (For)
prti—lpny? Gr—m—1 a
Mg ma+1—v fitu g w—1 P—,-EL
By By F 554 Bu2y Bap (Fore) v

prrma—lip )2 pml—pmi—1
D a 1 O ma—1 (Foro) " ® M, (]F ) P

gfm1

my—a—2 142
| fm
Hagiml—mﬂ *M-F (Fgf "-"1) '
Proof. By following the same procedure as in Theorem 3.1, we will get that the
normal subgroups K such that K \ G 6= feg, are as follows:
<T> <Ta> <o > <zrdbP > <10 >,
1<i<p—1,0<j<my,
<a> <2, 1" a> 1<i<p-1,1<v<m—1,
< ‘Tpﬂab > < Epﬂ!"nkb =, ng(k!pﬂ] =p",
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max{0,v—my —1} €a<v-1,1<v<m —1,
<o P >, < 2 >, ged(k,p') =1, 1< j<mo+1—v, 1< v < my,
<z, a'¥ >, < 2, z*a't >, ged(k, p¥) = p*, max{0,v—may—1} < a <v-1,
< 2P @'t >, < " *atb? >, ged(k,p¥) =1,
1<ji<ma+1—wv 1<y <ms,
<P T a P > 0<i<p—1,0<j<my, 1<v<m—1,
<z 2 %>, 0<i<p—1, ged(k,p’) = p°,
max{0,v—my -1} <a<v-1,1<v<m —1,
<z¥ 2P a zhP > 0<i<p-—1, ged(k,p?) =1,
1<j<ma+1l—uv 1<v<m.
Out of the normal subgroups listed above, only following have cyclic quotient
with G:
Lo <T;b> <zabs < za P > 1< <my,
<z, > 1<i<p—1,0<j<my,
< zrpu,:-::"”u_laﬁb}, D<i,<p—1,1<v<m—1,
i a:pu,fpu_la,:rkb > 1<v<m—1,0<i<p-—1, ged(k,p") = p,
max{0,v—mag—1} <a<v-—1,
<o 2P e 2h P > 0<i<p—1, ged(k, p') =1,
0<ji<ma+1l—-v 1<v<m—1.
Now, assume that X NG = {e}. In this case, if £ = {e} or < o > 1 <
j < p—1, then Sgix = ¢; if £ = {y}, then Sgix = {<b> /K, < bz > /K};
if K =< oy >, ged(f,p™) = p* my —ma < a < my — 1; then Sgix =
{<a,7y> /K, <a,z,y>/K}
Corresponding to these normal subgroups, o(AK;D) and jR(A;K ;D)j have

been given in Table 2.
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eclG,G, < z,a,b >), C € R(G/ < z,a,b>);
ec(G,G, < 1,a>), C eR(G/ < 1,a>);
ec(G,G, < z,b>), C e R(G/ < 1,b>);

eclG,G, < z,a'b>), C € R(G/ <r,a'b>), 1<i<p-1;

=

(

ec(G,G, < z,a,P >), CeR(G/ < z,a,F >);
(
(

GG, <z,adP>), CeRG/<r,dl>), 1<i<p-1;

eclG,G, < 1°,a, 7% >), C e R(G/ < 2P0, >), 1<i<p-1;
ec(G,G, < 1P, 70, 2 =), C e R(G/ < 2, z'a, 2P =), 1<i,j<p—1;
ec(G,G, < 2" 7 a oI >), CeR(G/ < 2,27 " a, 27 7'b>),

GEL.}EP_]-* ]-‘:_:ﬂ{_:ml_l;

CONCLUSION

The algebraic framework of complete
metabole group algebras offers a rich and
robust area of study, with numerous
implications for both theoretical and
practical applications. The insights gained
from this research not only enhance our
understanding of these algebras but also
pave the way for further investigations into
more complex algebraic systems. Future
research could focus on extending these
findings to other types of group algebras
and exploring their interactions with
different mathematical structures.
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